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Abstract 
We investigate the quantum discord dynamics and inversion operator of a two-
level atom initially in thermal equilibrium mixed state interacting with a cavity field 
prepared in a n-photon Fock state. We considered the Jaynes-Cummings model which 
is an exactly quantum mechanical model of interaction between two different 
quantum systems, an optical cavity in single mode n-photon Fock state and a two-
level atom. The influence of interaction time and measurement basis used for 
calculating the conditional entropy is discussed on the evolution of the quantum 
discord and on its minimum. The evolution of mean value of inversion operator with 
interaction is also discussed. It is found that the quantum discord and inversion both 
shows oscillatory behaviour and also shows the phenomenon of beats with interaction 
time. For a given initial cavity photon Fock state the beat period of minimum 
quantum discord is one half of that for inversion operator. However, as the number of 
photons in cavity increases the frequency of oscillations of quantum discord and 
inversion increases.  
 
1 Introduction 
The interaction between atoms and the electromagnetic field is one of the most interesting 
problem which has been extensively studied in near past. The Jaynes-Cumming model (JCM) 
[1] is an exactly soluble and simplest quantum mechanical model of interaction between two 
different quantum systems- a single two-level atom and a single mode quantized 
electromagnetic field. It is simple to solve, hence allows the study of quantum mechanical 
properties associated with atom and field analytically. The JCM model can be experimentally 
realized [2].  
 The atomic systems have found new application in quantum information processing [3-5]. 
The main requirement in quantum information processing task is the quantum entanglement 
[6]. The interaction of atoms with cavity field has been shown to be an efficient source of 
atom-atom, atom-cavity, and cavity-cavity entanglement [7-11]. Appreciable number of 
studies related to the study of influence of atom-field interaction on the entanglement 
between atom and field has been done. The reason behind the study of quantum entanglement 
in such system is due to its fundamental nature and its applicability. However as discussed in 
previous chapter quantum entanglement do not exhausts the complete quantum correlations. 
Zurek et al [12, 13] proposed quantum discord as a measure of quantum correlation defined 
as, discrepancy between two expressions of mutual information, one obtained by using 
conditional entropy and the other by performing local measurement on any one of the 
subsystem, classically these two mutual information are equivalent. Since QD is based on the 
total correlation (mutual information), it is capable to sense correlation in non-separable 
(entangled) as well as in separable states. Appreciable amount of works related to theoretical 
development of QD [14-30], its dynamical property under the effect of decoherence [31-37] 
and its comparison with QE have been done over the past decade [38, 39].  Quantum discord 
acts as main resource in many quantum information processing tasks like quantum locking of 
classical correlations [40], quantum computation with out entanglement [41, 42] and quantum 
teleportation without entanglement [43]. 
In present chapter we consider a model consisting of a single two-level atom initially in 
thermal equilibrium mixed state interacting with a cavity field initially prepared in n-photon 
Fock state and investigate the dynamics of quantum discord and inversion operator. 
 
2 Model of the atom-cavity system 
The Hamiltonian of the JCM which describes a system of two-level atom, consisting of 
the states 0  and 1 , coupled to a single mode exactly resonant radiation field cavity, in the 
rotating wave approximation is given by 
)(
2
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where suffix ac refers to atom-cavity interaction,  ω  is the common frequency of the atom 
and the cavity, )(† aa  is the creation (annihilation) operator of the field mode, β  is the atom 
field coupling constant, ±σ  and zσ  are the atomic raising, lowering, and inversion operators 
of the atom. 








=+
00
10
σ , 








=
−
01
00
σ , 








−
=
10
01
zσ .                                                                     (2) 
 The first and second terms in equation (1) represent the free field and free atom Hamiltonian 
while third term represents the interaction Hamiltonian intacH  
 )( † +− += aRRaH intac β .                      
The time evolution operator in the interaction picture is described by 
 )exp()( tiHtU intac−=  .                                                                                                         (3) 
The effect of time evolution on a system of two-level atom interacting with n-photon cavity 
state initially in states, n,0  and n,1 , is described by   
1,1,0,0)()( −−==Ψ niSnCntUt nn                                                                           (4)   
1,0,1,1)()( +−==Ψ niSnCntUt nn                                                                             (5)    
where 
1,
,sin,cos
,sin,cos
1
1111
+==
==
==
+
++++
ntnt
SC
SC
nn
nnnn
nnnn
βψβψ
ψψ
ψψ
                                                                                       (6) 
We assume that initially atom is in thermal equilibrium represented by density matrix  
1100)0( 10 λλρ +=a ,                                                                                                (7) 
where, 
]1/[],1[ //1/0 KTKTKT eee ωωω λλ −−− +=+=                                                                     (8) 
and the initial state of cavity is n-photon state given by density matrix 
nnc =)0(ρ .                                                                                                                    (9) 
Initially atom-cavity has no quantum correlation, i.e., the atom-cavity joint state is a product 
state and write 
)0()0()0( caac ρρρ ⊗=                                                                                                     (10) 
Using equation (4) and (5), the state of the atom-cavity system at any arbitrary time is 
described by 
),11,01,0,1(
),01,11,1,0(
)1,01,0,1,1(
)1,11,1,0,0()()()()(
111
0
2
1
2
11
22
0
†
nnnnSCi
nnnnSCi
nnSnnC
nnSnnCtUttUt
nn
nn
nn
nnacac
+−++
−−−+
++++
−−+==
++
++
λ
λ
λ
λρρ
                               (11) 
In density matrix form this can be written as 
)()()()( † tUttUt acac ρρ =  
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The eigenvalues of density matrix )(tacρ  are given by 
}0,0,0,0,,{)( 10 λλρ ≡tac                                                                                                   (13) 
The reduced density matrix of atom is given by 
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The eigenvalues of density matrix )(taρ  are given by, 
},{)( 2 11202 1120 ++ ++≡ nnnna CSSCt λλλλρ                                                                            (15) 
It is to be noted here that at an arbitrary time the cavity we choose can have finite 
dimensionality more than two. In our case it is of three dimension represented by orthogonal 
photonic state, 1−n , n , and 1+n ; and we shall see that this will give us some 
fascinating results about the dynamics of quantum discord. 
 
3 Quantum discord 
To study the dynamics of quantum discord we perform an ideal von Neumann projection 
measurement on atom by a complete set of one-dimensional projector 
10,10 *10 CSzzSC
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−=+= pipi ,                                                                        (16) 
where 
θcos=C , θsin=S , )exp( φiz =                                                                                      (17) 
and satisfies the completeness relation, I
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atom corresponding to outcomes { ajpi } is  
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where jP  is the probability of outcome ajpi  given by 
)]([ tTrP acajajj ρpipi=                                                                                                    (19) 
Using this we get 
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where 
)()( 2 122 121222200 ++ +++= nnnn CSSCSSCCP λλ                                                                 (22)                                
)()( 2 122 121222201 ++ +++= nnnn CCSSSCCSP λλ                                                                 (23) 
Eigenvalues of the states )(
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tac piρ  and )(1 tac piρ , are given by 
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It is to be noted that none of the eigenvalues of )(
0
tac piρ  and )(1 tac piρ , depends upon the 
phase angle φ  of the measurement basis, thus whatever be the value of quantum discord it 
will be independent of the phase angle φ  of the measurement basis.  Quantum discord is 
defined as difference between the mutual informations ):( acI  and }{):( ajacJ pi , based on 
joint entropy and conditional entropy, respectively, as discussed in chapters 6 and 1, and can 
be written as  
)()(- )():():():( }{}{}{ ajajaj caca SSSacJacIacD ΠΠ +=−= ρρρpi ,                                      (28) 
where 
)log()( ρρρ TrS −= ,                                                                                                        (29) 
is the von Neumann entropy for a state represented by density matrix ρ  and conditional 
entropy is given by  
∑≡ j j ajcajc
SPtS )())(( }{ pipi ρρ .                                                                                        (30) 
We are also interested in the minimum value of discord which can be obtained by minimizing 
its expression (28) over all possible ideal von Neumann projection measurement and is given 
by relation 
]):([min):( }{}{}{ YjYjYj YXDYX ΠΠΠ =δ .                                                                              (31) 
The entropies )( aS ρ  and )( acS ρ  can be obtained by using the eigenvalues of the density 
matrices aρ  and acρ , given in equations (15) and (13), respectively, in equation (29). The 
conditional entropy ))(( }{ tS ac jpi
ρ  can be obtained by using its eigenvalues given in equation 
(24) and (25) in equation (30). Using these entropies in equation (28), the expression for 
quantum discord is given by 
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where jP  and jy
pi
 are given in equations (22, 23, 26 and 27). 
We can write a Matlab code to calculate the quantum discord as mentioned in equation 
(32) and to minimize the calculated value of discord over all possible ideal von Neumann 
projection measurement (i.e., minimization by running over all values of measurement 
parameterθ ). Fig 1 shows the variation quantum discord with respect to interaction time and 
measurement basis parameter θ  for different initial photonic Fock state of cavity, while Fig. 
2 shows the variation of minimum of quantum discord with respect to interaction time for 
different initial photonic Fock state of cavity. Another important quantity is the population 
inversion ( zσ ) defined as the mean value of inversion operator ( zσ ), described by relation 
])([ zacz tTr σρσ = .                                                                                                         (33) 
Using equation (11) in equation (33), we get, 
)()( 2 12 11220 ++ −−−= nnnnz SCSC λλσ                                                                               (34) 
We plotted the mean value of inversion operator in Fig. 2, with respect to interaction time for 
different initial photonic Fock state of cavity. 
4 Results and discussion 
Consider the case 5.010 == λλ , i.e., at initial time )0( =t  the state of the atom is 
)1100)(2/1()0( +=aρ , that correspond to the limit of very high temperatures. With 
this initial condition on atom, Figs 1(a), (b), (c), and (d) show the contour plot of quantum 
discord with respect to interaction time ( tβ ) and measurement parameter θ , for initial 
photonic Fock state of cavity with n =1, 2, 4 and 8 numbers of photons, respectively. Fig. 1 (a) 
shows the interesting case that there are certain ranges of interaction times for which the 
quantum correlation or discord between atom and the cavity do not vanish for any 
measurement basis (i.e., for any value of measurement parameterθ ). Figs. 1 (a-d) also show 
that, for any measurement basis, the quantum discord is rapidly oscillating in nature in a 
complex way with respect to interaction time. However, the frequency of oscillation increases 
with increase in numbers of photon initially in cavity. This is also evident by the fact that the 
density of the fringes that represents the variation of quantum discord increases as the number 
of photons increase from n=1 to n=8. 
We also note that the quantum discord is showing phenomenon of beats with interaction 
time. Figs. 2 (a-e) show the minimum value of quantum discord over the measurement basis 
and the mean value of inversion operator for n=1, 2, 4, 8, 15 with respect to interaction time. 
It is clear that both the minimum quantum discord and inversion operator exhibit the 
phenomenon of beats with interaction time. The frequency of oscillation increases rapidly 
with increasing number of photons.  
The beating of zσ  can be explained easily by equation (34), which simplifies for the 
case 2/110 == λλ   to 
])1[sin(])1[sin( nntnntz −+++= ββσ . 
The first factor involves larger frequency and gives phase of the oscillations. The mean 
frequency of these oscillations is )1( nn ++β and the mean periodic time is 
)1(/2 nn ++βpi . The amplitude of oscillations oscillates itself periodically and the beat 
frequency is )1/(2)1(2 nnnn ++=−+ ββ  and the beat period is 
)1)(/( nn ++βpi . In one beat-period number of oscillations is 
])1(212[)1/()1( 21 +++=−+++ nnnnnnn . For ,1>>n  the periodic time and the 
beat period are n)/( βpi  and n)/2( βpi , respectively, i.e., during two minima of 
amplitude of the oscillations, about 2n oscillations take place. The cases for n=1, 2, 4, 8 and 
15 are shown in Figs 2(a-d). For largest n, 15=n  in Fig 2d, the number of oscillations in one 
beat period is nearly 31 while the expression ])1(212[21 +++ nnn  gives 30.99 and the 
approximate result gives 302 =n  oscillations.  
Quantum discord for the problem in hand is a really very complicated function of  n, θ  
and the interaction time tβ  but still permits some general observations. Quantum discord D 
is a periodic function of  θ  with the period 2/pi . It admits maxima or minima only at  
pipipipiθ and4/3,2/,4/,0= . There is no general periodicity with the interaction time. The 
occurrence of maximum (minimum) at pipi or2/,0 ( 4/3or4/ pipi ) at a given tβ changes 
suddenly to 4/3or4/ pipi ( pipi or2/,0 ) on changing tβ  without any simple prescription. 
This has been studied explicitly for 8=n  and is shown in Fig. 2d. 
The quantum Discord D plotted against interaction time tβ  shows oscillatory behaviour 
with amplitude of oscillations also showing oscillations. The periodic time of oscillations and 
beat period shows interesting variation with θ . For 2/piθ =  and 8=n  behaviour of D is 
shown in Fig. 3. For 2/piθ =  oscillations of D occur with a period which is one half of the 
period for  zσ . The beat period is also one half of the corresponding value for zσ . For 
4/piθ = the oscillatory behaviour of D is very complicated and interesting. For some 
intervals the period is same as that for zσ  while for remaining intervals it is one half of that 
for zσ . 
For minimum (against θ ) quantum discord δ , it is seen that its behaviour is oscillatory 
with  tβ  and there appear beats in the amplitude. The period of oscillation of  δ  is about one 
half of that for oscillations of  zσ  as is clear from Figs &.2 (a)-(e). The beat period of  δ  is 
also about one half of that for  zσ . One other interesting observation is that, for even beats, 
the maxima of δ  are alternately high and low although this behaviour is absent for minima 
(see Fig. 2(d) and (e) for n = 8 or 15). In addition to this we also see that the high maxima in 
even beats show a dip. 
It remains that the results involve complicated functions and it is not easy to correlate the 
general observations with the formula. 
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Figure 1 
 
 
 
 
 
Fig.1 Quantum discord D(c:a) with respect to interaction time and measurement parameter 
for n=1,2,4,8 number of photons initially in cavity. 
(a) n =1 
(d) n =8 
(b) n =2 
(c) n =4 
Figure 2 
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 Fig 2 Minimum value of Quantum discord δ(c:a) (blue) and mean value of inversion operator 
(red) with respect to interaction time for n =1, 2, 4, 8, 15 number of photons initially in cavity. 
 
 
Figure 3 
 
 
Fig 3 Quantum discord δ(c:a) for 2/piθ = (blue) and 4/piθ = (red) with respect to 
interaction time for n=8 number of photons initially in cavity. 
 
(e) n =15 
